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Metal whiskers often grow across leads of electric equipment and electronic package causing cur-
rent leakage or short circuits and raising significant reliability issues. The nature of metal whiskers
remains a mystery after several decades of research. Here, the existence of metal whiskers is at-
tributed to the energy gain due to electrostatic polarization of metal filaments in the electric field.
The field is induced by surface imperfections: contaminations, oxide states, grain boundaries, etc.
A proposed theory provides closed form expressions and quantitative estimates for the whisker nu-
cleation and growth rates, explains the range of whisker parameters and effects of external biasing,
and predicts statistical distribution of their lengths.
I. INTRODUCTION
Metal whiskers are hair-like protrusions observed at
surfaces of some metals; tin and zinc examples are illus-
trated in Fig. 1.1–6 In spite of being omnipresent and
leading to multiple failure modes in electronic industry,
the mechanism behind metal whiskers remains unknown
after more than 60 years of research. While, some con-
sensus, at a qualitative level, is that whiskers represent a
stress relief phenomenon, that never led to any quantita-
tive description including order-of-magnitude estimates
of whisker parameters. A theory of metal whiskers pre-
sented here is consistent with many published observa-
tions and provides quantitative analytical results.
As a brief survey of relevant data,1–10 it should be
noted that whiskers grow up to ∼ 1−10 mm in length and
vary from ∼ 1 nm to ∼ 30 µm in diameter. Their param-
eters are characterized by broad statistical distributions:
side by side with fast growing whiskers there can be oth-
ers, on the same surface, whose growth is much slower
or completely stalled. The metal surface conditions play
a significant role. In particular, oxide structure and var-
ious contaminations are important factors determining
whisker concentration, growth rate and dimensions. The
metal grain size appears to be less significant for small
grains (nanometers to few microns), while whiskers are
unlikely for very large grains; recrystallization can be of
importance.11 Various additives can have significant ef-
FIG. 1: SEM pictures of tin (left) and zinc (right) whiskers.
Reproduced from the NASA photogallery.6
fects on whisker growth, such as e. g. small concentration
of Pb strongly suppressing tin whiskering. Electric bias
was reported to exponentially increase whisker growth
rate,8,12,13 which was attributed to the effects of electric
current (a possible role of the electric field was not ana-
lyzed), although the opposite statements have been made
recently.14 A common observation is that whiskers grow
from the root rather then from the tip, and the material
required for their growth is supplied from large distances
through long range surface diffusion rather than from a
narrow neighboring proximity; there is no surrounding
dent formed in the course of whisker growth. A compre-
hensive review of experimental data on the most studied
tin whiskers before the year of 2003 was given in a mono-
graph 15; Refs. 16–18,20 provide more recent summary.
Multiple attempts to understand the mechanisms of
whiskers growth (see e.g. Refs. 21–24) revolved around
the role of surface stresses relived by whisker pro-
duction, dislocation effects, and oxygen reactions. It
was shown18,19 that stress gradients along with certain
assumption about system parameters can explain tin
whisker growth rates but not their existence, shapes and
statistics. Overall, these attempts have not lead to veri-
fiable quantitative predictions.
The mechanism proposed here is qualitatively different
as driven by the existence of strong enough electric field
E above the metal surface. The field is generally due to
surface imperfections, such as oxide, ion contaminations,
local stresses, and interfacial states. The appearance of
whiskers is described as the electric field induced nucle-
ation. It is triggered by the energy gain FE = −p ·E
due to the induced whisker dipole p = αE in the elec-
tric field E, where α is the polarizability. The latter is
anomalously strong for the needle shaped metallic parti-
cles that serve as whiskers’ nuclei.
This paper is organized as follows. Sec. II describes
the field induced nucleation of whiskers estimating their
initial dimensions and nucleation rates. Random electric
fields responsible for whisker nucleation are described in
Sec. III; they turn out to be different at small, interme-
diate, and large distances. The kinetic of whisker growth
is analyzed in Sec. IV. Sections V and VI discuss respec-
tively the phenomenon of long-range surface diffusion re-
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FIG. 2: Sketch of two whiskers of length h and diameter d
on a metal surface with local electric fields E (of opposite
directions) inducing the dipole moments p.
lated to whisker growth and statistical distributions of
whisker lengths. Numerical estimates in Sec. VII prove
that the proposed theory is in at least semi-quantitative
agreement with the data. The conclusions in Sec. VIII
list this theory successes and problems.
II. FIELD INDUCED NUCLEATION
More exactly, the electrostatic energy gain in the elec-
tric field can be represented as25–27
FE = −εαE2 (1)
where ε is the dielectric permittivity of the surrounding
medium. This energy gain is independent of the sign
of the electric field, outwards or towards the surface, as
illustrated in Fig. 2. In this section, we consider field
induced nucleation in a uniform field. Complications due
to the field nonuniformity will be discussed in Sec. III.
The polarizability α is a maximum in the longitudinal
direction illustrated in Fig. 2; it is by approximately the
factor of (h/d)2 ≫ 1 greater than the particle volume
pi(d/2)2h that serves as a standard measure of polariz-
ability in electrostatics. The mechanism of that enhance-
ment can be understood as follows. Under electric field
E, a metallic needle will accumulate at its ends opposite
charges of absolute values q ∼ Eh2, just sufficient to can-
cel out the field inside the needle. They correspond to
the dipole moment p ∼ qH ∼ Eh3 ∼ EV (h/d)2 where
V ∼ hd2 is the particle volume.
A more accurate result for needle polarizability (Ref.
28, p. 17) is given by
α ≈ h
3
3Λ
with Λ ≡ ln(4h/d)− 7/3. (2)
Strictly speaking, Eq. (2) is valid for the case of ex-
tremely anisotropic particles with Λ≫ 1; in what follows,
it serves as a simple approximation for even moderately
anisotropic structures with Λ >∼ 1. Note that the concept
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FIG. 3: Free energy of a whisker vs. its length.
of energy gain in Eqs. (1) and (2) has been successfully
used to describe the field induced nucleation of metal
particles.29–37
Side by side with the electrostatic energy gain, there is
energy loss due to increase in the surface area, FS = pidhσ
where σ is the surface tension. The total change in free
energy due to whisker formation is given by
F (h) = − h
3
3Λ
εE2 + pidhσ. (3)
It is a maximum,
maxF (h) =W (E) ≡ 2
3
piσd
√
piσΛd
εE2
(4)
when
h = h0(E) ≡
√
piσΛd
εE2
. (5)
Here we have treated a logarithmically weak dependence
Λ(h) as a constant.
The barrier W and its corresponding length h0 shown
in Fig. 3 have the same meaning as the nucleation barrier
and radius in the classical nucleation theory.25 In partic-
ular, a whisker becomes stable and keeps growing when
its length exceeds h0, so it overcomes the barrier.
Along the lines of standard nucleation theory, the char-
acteristic nucleation time is given by
τ = τ0 exp
(
W
kT
)
. (6)
Here, the preexponential τ0 remains rather poorly deter-
mined in the framework of the existing classical nucle-
ation theory, possibly leading to many order of magni-
tude deviations from the data;43–46 its often used values
are ranging in the interval τ0 ∼ 10−13 − 10−8 s.
As seen from Eq. (4), the nucleation barrier W is
field dependent. Since the field is a random variable,
the nucleation times are distributed in the exponentially
broad interval. One other immediate prediction is that
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FIG. 4: Sketch of the the electric field lines in a system of
randomly charged patches on a metal surface.
external fields (added to the existing random fields) can
exponentially accelerate whisker nucleation.
In Eqs. (3)-(5), we have been tacitly assuming a cer-
tain diameter d of the needle shaped nucleus. Both the
nucleation barrier and length decrease as d decreases;
hence, the smallest possible d are the most favorable. Re-
alistically, d must be greater than some minimum value
d0 determined by extraneous requirements, such as suf-
ficient conductivity to support a large dipole energy or
sufficient mechanical integrity. Based on data for other
types of systems undergoing field induced nucleation, it
was estimated that a reasonable minimum diameter is
in the sub-nanometer range.29–37 Lacking more concrete
information, we assume here d0 <∼ 1 nm. In the region
d > dmin, the free energy is substantially larger than de-
scribed by Eq. (3), since the energy reducing effect of the
electric field cannot be manifested by such thin particles.
The region d = d0 can be approximated by a potential
wall. Following substantiation in the previous work,29–37
we consider nucleation along the path d = d0; alterna-
tive paths that start from the origin introduce only in-
significant numerical factors. Correspondingly, we will
use d <∼ 1 nm in the above Eqs. (3)-(5) as a rough ap-
proximation.
Using the latter, Eqs. (4) and (5) enable one to esti-
mate the nucleation barrier and length. The energy σ in
these equations depends on which type of surface is es-
sential. Considering for example tin whiskers, the macro-
scopically averaged value39,40 is σ ∼ 500 dyn/cm, while
the grain boundary related values can be as low as,41
σ ∼ 100 dyn/cm, and even42 σ = 30 dyn/cm. Along
with approximations Λ ∼ ε ∼ 1, and E = 1 MV/cm,
these values yield W ∼ 1− 10 eV and h0 ∼ 10 nm. Such
W are in the ballpark of nucleation barriers known for
various processes.25 Also, the underlying assumption of
h/d ≫ 1 is justified by the latter result for h0. There-
fore, the field induced nucleation appears a conceivable
mechanism of metal whisker conception.
In the existing literature,21,38 the terminology of
whisker nucleation was used as a qualitative statement
discriminating between the stages of whisker conception
and subsequent evolution. The approach in Eqs. (3) -
(5) provides a quantitative basis for the concept of nucle-
ation. It is triggered by the energy gain of metal whisker
due to their polarization in the surface electric field.
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FIG. 5: The perpendicular electric field component E at small
distance r from the metal surface. Gray circles represent
point surface charges with the average inter-charge distance
n−1/2 > r
III. THE ELECTRIC FIELD DISTRIBUTION
Sufficient electric fields above metal surface can arise
from spatial variations of the work function.47 The re-
gions of different surface potential (patches) may be due
to the polycrystallinity of the metal: the work function
will vary between regions of specific grain orientations
by typically a few tenths of a volt. Patch structure
may also arise from the presence of adsorbed elements
and compounds. Certain features of surface morphology,
particularly, its roughness, may result in the electron
redistribution. They can be caused by dislocations,48
stress induced spots of different structure phases,49 or
general electric deformation coupling50 in combination
with stress induced buckling.51,52 Local charges due to
stress induced oxide cracking or ion trapping under the
whisker growing layer (say, Sn on Cu substrate) are con-
ceivable sources of the above considered surface electric
fields as well. Therefore, a surface, that is ideally electri-
cally uniform, may acquire electric surface structure, as
illustrated in Fig. 4.
The measurements reveal indeed the work function
fluctuations of ∼ 0.5 eV induced by L ∼ 10 µm patches
in some metals.47 In general, the charged surface state
concentration of n >∼ 1012 cm−2 not unusual for many
materials53 would correspond to the field strength of
E = E0 ≡ 4pien/ε >∼ 106 V/cm (7)
where e is the electron charge. This field can be di-
rected either up or downwards in Figs. 4 and 6 extending
over the characteristic distance L above the surface. The
above simple expression fails in the regions of both short
and large distances as explained next.
A. High charge densities, short nuclei
The applicability of Eq.(7) is limited by the condition
of continuous charge distribution npir2 ≫ 1 where r is
distance above the surface. As applied to the nucle-
ation theory in Sec. II, this implies large enough nucleus
height, nh20 ≫ 1, since h0 was derived under the assump-
tion of uniform field E = E0 created by a continuous
surface charge distribution. With Eq. (5) in mind, this
4leads to the condition
n < nc ≡ σΛεd
16e2
. (8)
If the surface charge density n exceeds nc, then the em-
bryo height predicted by Eq. (5) turns out to be shorter
than the inter-charge distance n−1/2, and the approxi-
mation of uniform field fails.
In the opposite limiting case, n≫ nc, the perpendicu-
lar field component (Fig. 5) can be approximated by the
sum of contributions from the nearest point charge e and
all other charges described in continuous approximation
by the density ne,
E ≈ e
εr2
+
∫
∞
n−1/2
2pinerxdx
(x2 + r2)3/2
=
e
εr2
+ E0r
√
n (9)
where E0 is given by Eq. (7). For the purely Coulomb
contribution, the field induced polarization charge in
a metal embryo would be confined to short distances;
hence, the embryo height does not contribute to the
electrostatic energy gain. (This can be more rigorously
proven by modification of the known treatment of the
uniform field polarization in Ref. 28 described in the
Appendix below.)
The second term in Eq. (9) creates the energy gain
similar to that in Eq. (3). The difference is that now the
acting field is linear in height h due to its proportionality
to r in Eq. (9). Therefore, the electric field E in Eq.
(3) should be replaced with E0hn
−1/2/2 (averaged over
the embryo length), which makes the electrostatic energy
gain proportional to h5. As a result, the nucleation bar-
rier for short embryos in systems with n > nc can be
presented in the form
W = W (E0)
(
n
nc
)1/4
, when n > nc (10)
where W (E0) is defined in Eq. (4) with E = E0.
Note that Eq. (10) predicts W ∝ n−3/4, since
W (E0) ∝ E0 ∝ n. Eq. (4) describes how the nu-
cleation barrier decreases with surface charge density
slightly slower than predicted by the baseline model of
the uniform field in Eq. (4). Because (n/nc)
1/4 is a
relatively weak dependence derived in otherwise rather
approximate theory, for the sake of simplicity, we will set
the latter factor to unity, thus using, in what follows, Eq.
(4) in the entire range of surface charge densities.
B. Large distances, random fluctuations
As illustrated in Fig. 6, at distances r ≫ L, the contri-
butions of oppositely charged patches mostly cancel each
other, and the field is due to a random excess number
∆N of the patches of a certain sign close enough to the
point of observation. Taking the latter at height r above
the surface, the charged patches in a domain of radius r
beneath will generate more or less perpendicular random
field. Therefore, ∆N ∼ √N ∼ r/L, where N ∼ r2/L2 is
the average number of patches in the domain of radius r.
Hence, one can estimate the absolute value of the field as
E ∼ ∆NneL
2
r2
∼ E0L
r
. (11)
The corresponding contribution to free energy is then
given by [cf. Eqs. (1) and (2)]
FE = −εE
2
0hL
2
3Λ
when h≫ L. (12)
The angular distribution of field E at these distances
becomes quite random. The maximum angle of 90 ◦ be-
tween E and the surface normal corresponds to the case
when the positive and negative random charges are as far
away from each other as possible (i. e. on the opposite
halves of the circle in Fig. 6); hence, the angular distribu-
tion ranging from 0 to 90 ◦ with a maximum somewhere
in between.
The field will vary not only in the lateral directions,
but with the distance to the surface above any given spot
as well. This happens because the contributing random
charge configurations change with that distance. Based
on the interpretation in Fig. 6, the field E will change
considerably over distances of the order of r. In par-
ticular, the characteristic length of fluctuations increases
linearly with r. It should be understood however that the
angular distribution of fields can be significantly different
from the observed angular distribution of whiskers. The
latter is determined by the kinetic of growth of crystalline
structures in random fields, which non-trivial problem is
beyond the present scope.
Far enough from the surface, the field in Eq. (11)
becomes very low giving up to the background (thermal)
electric field. Its time average is given by
〈E2T 〉 = 4piσSBT 4/c ∼ 20 V2cm−2. (13)
Here σSB is the Stefan-Boltzmann constant, c is the
speed of light, and we chose the temperature T ∼ 300
r
E
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+
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FIG. 6: Sketch of the patched area domain of radius r where
+ and − represent positively and negatively charged patches
(shown in dash) of characteristic linear dimension L each.
The fat arrow represents the random field vector at distance
r along the domain axis.
5K. Comparing the results in Eqs. (11) and (13) yields
the overplay distance
rc ∼ LE0
ET
. (14)
For the above used numerical values, rc ∼ 10 cm is far
beyond the whiskers length domain. However it falls into
that domain, shrinking to e. g. rc ∼ 0.1 mm, for the case
of high enough temperatures, low surface charge densi-
ties, or small patches, say, L ∼ 100 nm. Since thermal
radiation is polarized parallel to the surface,54 it is ex-
pected that whiskers in that region will evolve mostly
parallel to the surface as well.
IV. WHISKER GROWTH
A. General formalism
Whisker growth occurs through the process of many el-
emental acts of accretion. Such multi-step processes are
described by the Fokker-Planck approach (see e.g. pp.
89, 90, and 428 in Ref. 55) with statistical distribution
f(h, d), such that f(h, d)dhdd is the number of whiskers
with height and diameter in the intervals (h, h + dh)
and (d, d+dd) respectively. The Fokker-Planck equation
takes the form
∂f
∂t
= −∂sh
∂h
− ∂sd
∂d
(15)
Here, sh and sd are the components of the flux in the
whisker dimensions space (s−1 cm−3),
sh = −Ahf −Bhd ∂f
∂d
−Bhh ∂f
∂h
(16)
sd = −Adf −Bdh∂f
∂h
−Bdd ∂f
∂d
(17)
The kinetic coefficients are defined as follows,
Ah = A˜h +
∂Bhd
∂d
, Ad = A˜d +
∂Bdh
∂h
,
A˜h =
∑
i
δhi/t, A˜d =
∑
i
δdi/t,
Bhh =
∑
ij
δhiδhj/δt, Bdd =
∑
ij
δdiδdj/δt, (18)
Bhd = Bdh =
∑
ij
δhiδdj/δt
where δhi and δdi are random changes in h and d at a
step i in the course of whisker growth over time δt.
Two boundary conditions to Eq. (15) are f(r = 0) = 0
and f(r =∞) = 0. They reflect the facts that very thin
filaments cannot exist due to certain extraneous limita-
tions such as loss of conductivity or mechanical instabil-
ity, and that only finite radii are achievable over finite
times t.
The approximation of independent height and diame-
ter evolution below, means Bhd = Bdh = 0. To further
simplify the analysis, the two remaining coefficient are
set equal, Bhh = Bdd ≡ B. Relaxing these limitations
leads to more cumbersome results without new qualita-
tive features.
The A coefficients are connected with B by a relation-
ship which follows from the fact that sh = sd = 0 for the
equilibrium distribution f0(h, d) ∝ exp[−F (h, d)/kT ],
where F is the free energy. This yields
sh = −Bf0 ∂
∂h
(
f
f0
)
, sd = −Bf0 ∂
∂d
(
f
f0
)
(19)
Using Eq. (19) for s, multiplying Eq. (15) by h,
integrating from 0 to ∞ by parts, and noting that∫
fhdh = 〈h〉, yields ∂〈h〉/∂t = 〈∂F/∂h〉 (angle brackets
denote averages). Neglecting fluctuations in the ensemble
of nominally identical filaments enables one to approxi-
mate 〈F 〉 = F (〈h〉) and 〈∂F/∂h〉 = ∂〈F 〉/∂〈h〉. Similar
transformations apply to the d dependence. Omitting for
brevity the angular brackets, one finally obtains,
∂h
∂t
= −b∂F
∂h
,
∂d
∂t
= −b∂F
∂d
with b =
B
kT
. (20)
These equations have the standard meaning of the re-
lations between the (growth) velocities and the (ther-
modynamic) forces −∂F/∂h, −∂F/∂d, with the Einstein
relation between the mobility b and diffusion B.
B can be estimated as νa2 exp(−FB/kT ) where ν is
the characteristic atomic frequency (∼ 1013 s−1), a is
the characteristic interatomic distance, FB is the kinetic
phase transformation barrier, k is Boltzmann’s constant,
and T is the temperature. Assuming B of the order of
the diffusion coefficient D of species dominating whisker
growth, it can be estimated based on the available data;
otherwise B remains a parameter of this theory.
The averaged description in Eqs. (20) can apply as
long as it is not affected by rare events terminating or
exponentially slowing whisker growth. These events take
place when whisker tips reach random local regions of
abnormally low fields. They present barriers to whisker
growth, since the electrostatic energy gain there is sup-
pressed, while surface related energy loss remains. The
statistics of these rear events and its corresponding distri-
bution of whisker lengths are described in Sec. VI below.
B. Limiting cases
Integrating Eq. (20) with F = −FE (i. e. neglecting
surface energy far enough from the nucleation barrier)
and FE from Eqs. (1) and (12), and treating Λ as a
constant, yields
h ≈ h0
1− t/t0 , d ≈
√
d20 + (h
2 − h20)/Λ, (21)
t0 ≡ 3Λ
bεE20h0
when h≪ L,
6and
h = L
t
tL
, d ≈ L/
√
Λ, (22)
tL ≡ 3Λ
bεE20L
when rc ≫ h≫ L.
We recall that underlying these results is the approxima-
tion Λ ≫ 1. Finally, in the region of yet larger lengths,
h ≫ rc, the whiskers will grow uniformly, as predicted
by Eq. (22) where E20 is replaced with 〈E2T 〉.
The result in Eq. (22) changes numerically when more
accurate expressions (A6) and (B3) from Appendices are
used for the free energy FE . The growth rate from Eq.
(22) acquires then an additional coefficient to become
dh
dt
≈ L
tL
ln
(
4t
tL
)
with tL ≡ 32pi(Λ + 4/3)
bεE20L
. (23)
Fig. 7 presents the predicted temporal dependence of
whisker growth rate where the limiting results must be
sewed at h ∼ L, i. e. t ∼ t0. In that poorly described
region, the two predicted limiting case rates match in the
order of magnitude. Indeed, setting h ∼ L in Eq. (21)
yields 1− t/t0 ∼ h/L, which results in the same dh/dt as
provided by Eq. (22).
However, the details of the latter sewing remain un-
known. Assuming a hump in the sewing region would
make Fig. 7 resembling the real time data from Ref. 56.
Even without that hump, Fig. 7 reproduces the observa-
tion of many authors that whisker growth starts abruptly
from some time instance (t0 in this work notations) to
continue at constant rate; the numerical estimates are
given in Sec. VII.
The above description of whisker growth is essentially
one-dimensional. A phenomenon of whisker growth in a
labyrinth of random electric fields is beyond the scope of
this work.
V. LONG RANGE DIFFUSION
The fact that whiskers grow from their roots without
forming any surrounding dents is commonly interpreted
as a result of long range uniform drift of material towards
whisker roots. That interpretation was experimentally
verified (see e. g. Refs. 8,57).
The drift necessity follows naturally from the elec-
trostatic theory here. Indeed, taking into account that
E ∝ n, the electrostatic energy related to surface charge
density n is proportional to the surface integral
∫
n2dA.
The latter must be a minimum under the condition of
charge conservation,
∫
ndA = const. It is straightfor-
ward to see that the required conditional minimum takes
place when n = const, i. e. surface charge is distributed
uniformly within its occupied domain. Assuming that
charges are tightly pinned to the surface material, the
system should maintain uniform material density; hence,
long range drift.
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FIG. 7: Sketch of the whisker growth rates vs. time. Solid
lines represent the two limiting cases given by Eqs. (21) and
(22) within the domains of their applicability (h ≪ L and
h≫ L respectively). The dashed curves are formal solutions
of Eqs. (21) and (22) beyond that domains where they must
be sewed. The dash-dotted line shows a hypothetical sewing
that would fit the observations of Ref. 56.
The integral laws of minimum energy and charge con-
servation above do not specify the underlying forces. In
addition to the long range Coulomb, there must be some
short range forces tightly binding surface charges to sur-
face material and making it move along. A hydrodynamic
drag appears to be a conceivable mechanism of such cou-
pling. It is qualitatively similar to a flow caused by a
dense enough array of particles pushed through a viscous
fluid. This hypothesis remains to be verified at a more
quantitative level.
VI. WHISKER STATISTICS
As explained in the end of Sec. IVA above, whisker
growth is blocked in the local regions of anomaly low
electric field. Because these regions have random loca-
tions, this will result in broad statistical distributions of
whisker lengths. The observed distributions of this kind
were best approximated as log-normal.10,58,59 Their ana-
lytical form is derived here.
As shown in the Appendix below [Eq. (A6)], the elec-
trostatic energy gain of a whisker in a nonuniform field
E(x) can be presented in the form
FE(h) = − 1
4Λ
∫ h
0
ξ2dx, ξ(x) ≡
∫ x
0
E(x′)dx′. (24)
Because fields E are random, FE(h) becomes a random
functional giving rise to barriers in the total free energy
F = FE + FS as illustrated in Fig. 8.
Taking into account surface energy, FS = σpidh, the
barrier condition dF/dh = 0 reduces to ξ2(h) = 4Λσpid
7W
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FIG. 8: Coordinate dependencies of random electric field
E(h) (top), random functional ξ ≡
∫ h
0
E(x)dx and its square
(middle), and free energies: surface contribution FS , electro-
static contribution FE , and their sum F = FE + FS . The
vertical dash line marks the point of ξ = 0 of FE flattening
that gives rise to a barrier WB blocking the whisker growth.
The barrier W is the same as in Fig. 3.
much below its average, ξ2 ≪ 〈ξ2〉. Such ξ2 correspond
to flat portions in the dependence FE(h) where the sur-
face contribution slope σpid dominates free energy; this
is reflected in Fig. 8.
The typical barriers block whisker growth during the
time of experiment. Indeed, they correspond to the char-
acteristic length scale of field variation of the order of h
[see the discussion after Eq. (12)], which leads to the es-
timate WB ∼ pidhσ >∼ 100 eV. On the other hand, we as-
sume long enough times of experiment, during which the
average growth rates from Eqs. (21), (22) allow whisker
lengths to reach the regions of blocking barriers.
With the latter assumption, the distribution of whisker
lengths can be approximated by the distribution of co-
ordinates of their blocking barriers. It is given by the
probability density g(ξ2) for the random quantity ξ2 in
a close proximity of ξ2 = 0. As a square of integral over
large distances, ξ2 can be thought of as a sum of large
number of random contributions. According to the cen-
tral limit theorem, such random quantities are described
by the Gaussian distribution,
g(ξ2) =
1√
2pi∆
exp
[
− (ξ
2 − 〈ξ2〉)2
2∆
]
, (25)
where angular brackets represent averaging and ∆ =
〈ξ4〉 − (〈ξ2〉)2 is the dispersion.
The momenta 〈ξ2〉 and 〈ξ4〉 depend on distance h to
the metal surface. They can be evaluated based on sta-
tistical properties of surface charge fluctuations, which
we assume to be uncorrelated at distances exceeding the
patch size L. Using the corresponding results for 〈ξ2〉
and 〈ξ4〉 from Appendix B, the probabilistic distribution
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FIG. 9: Left: Probabilistic distributions of Eq. (26) for two
different values of the numerical parameter γ. Right: Com-
parison between probabilistic distribution of Eq. (26) (open
circles) and a log-normal fitting curve (solid line).
of whisker lengths, takes the form
g(h) =
1√
2pi∆(h)
exp
[
− (〈ξ
2(h)〉)2
2∆(h)
]
(26)
= β
h
L
exp

−γ
[
h
L
ln
(
[1 +
√
1 + (h/L)2]2
4
√
1 + (h/L)2
)]2
 .
Here the unknown numerical coefficients β and γ should
not be too different from unity.
The distribution of Eq. (26) is illustrated in Fig. 9.
It is a maximum at h/L ≈ exp(1/√2γ) with half-width
δ(h/L) ≈ (ln 2)(2γ)−1/4 exp[1/(4γ)]. The log-normal dis-
tribution fit is demonstrated in the same figure is in
agreement with the experimental statistics.10,58,59
Two significant limitations underlying Eq. (26) are
that of the 1D model of whisker evolution and the in-
finitely blocking barriers. Relaxing either of them would
allow additional whisker growth.
VII. NUMERICAL ESTIMATES AND
DISCUSSION
Numerical estimates of nucleation parameters were
given in Sec. II). Here we estimate the parameters of
whisker growth. Using the diffusion coefficient for tin57
D ∼ 10−18 cm2s−1 and assuming D = B gives for the
mobility b ∼ 4 × 10−5 cm2s−1erg−1. Substituting the
latter along with E0 ∼ 1 MV/cm, h0 ∼ 10 nm, and
Λ = 1 − 3, Eq. (21) yields t0 ∼ (0.3 − 1) × 105 s. This
is in fair agreement with the data56,59 on the incubation
period preceding constant growth rate (cf. Fig. 7).
For a reasonable patch size L ∼ 3 µm, the growth rate
predicted by Eq. (22) turns out to be by two orders of
magnitude higher than the observed dh/dt ∼ 1 A˚/s. This
discrepancy can be due to oversimplifications related to
the 1D random field treatment. Using more accurate Eq.
(23) decreases dh/dt by at least one order of magnitude
bringing it closer to the data.
8The latest stage of whiskers growth above critical
length rc is described by the characteristic time that
is by the factor E20/〈E2T 〉 ∼ 105 longer than τL, i. e.
tT ∼ 107 − 108 s. This agrees with the observations that
whiskers typically stop growing in a year or so. (Blocking
barriers introduced in Sec. VI can provide an alternative
explanation of that observation.)
Reasonable agreement with statistical data can be
demonstrated by using again L ∼ 3 µm and assuming
γ ∼ 0.1− 0.2. In that case, the curves in Fig. 9 become
close to the published statistical data.10,58,59
Because a significant effort was spent to understand
metal whiskers in terms of mechanical stresses, recrys-
tallization, dislocations, etc., it should be noted that the
present theory does not rule out these factors. Further-
more, they can be a part of the picture presented in
two major aspects. First, they can create local spots
of unfavorable energy configurations capable of relaxing
through the mechanism of field induced nucleation. That
belongs in the general settings of inhomogeneous nucle-
ation strongly facilitated by imperfections and inhomoge-
nieties. Secondly, local spots of stress, grain boundaries,
or dislocations can be sources of surface charge leading
to the field induced nucleation as discussed in Sec. III
above.
The above estimates lead to the following scenario of
whisker evolution. (i) Stage 1: whiskers nucleate in a
sub-second to days time interval (reflecting fluctuations
in nucleation barriers due to the local field fluctuations);
their dimensions upon nucleation are h ∼ 10 nm and
d ∼ 1 nm, with predominant orientation perpendicular
to the metal surface. (ii) Stage 2: Whiskers grow up to
the patch size, say L ∼ 3 − 10 µm, more or less perpen-
dicular to the surface, with some deviations especially
towards patch edges. This takes a much longer time
t0 ∼ 104 − 105 s that can be experimentally identified
as the whisker incubation time. The growth rate at this
stage is very low for almost entire time interval t0, with
drastic acceleration in the nearest proximity of t0 (see
Fig. 7). (iii) Stage 3: Whiskers grow way above patch
size L ∼ 3 − 10 µm at constant rate L/tL possibly with
some degree of winding or kinking (beyond the current
theory). At this stage, random field configurations in-
duced by uncorrelated patch charges make growth rates
of individual whiskers fluctuating, some of them blocked.
The random distribution of blocking barriers determines
the statistical distribution of whisker lengths. (iv) Stage
4: If whiskers grow above lengths where feeding by ther-
mal radiation dominates, they evolve further in lateral
directions parallel to the metal surface.
VIII. CONCLUSIONS
The above theory describes metal whickers as a result
of metal nucleation and growth in random electric fields
induced by charged patches on metal surfaces. The un-
derlying approaches are typical of the physics of phase
transitions and disordered systems. This work presents
the first whisker theory yielding simple analytical results
more or less consistent with the observations. The suc-
cesses, the remaining questions, and possible experimen-
tal verifications of this theory are summarized next.
A. What is understood
1) Why whiskers are metallic: high (metallic) electric
polarizability is required for sufficient energy gain due to
whisker formation in external (surface) electric fields.
2) Why whiskers grow more or less perpendicular to the
surface: such are the dominating directions of the surface
electric field.
3) Why whisker parameters are broadly statistically dis-
tributed: this reflects fluctuations in metal surface fields
induced by mutually uncorrelated charged patches.
4) Correlation between whiskers and versatile morphol-
ogy factors, such as (i) grains whose orientation is differ-
ent from the major orientation of the tin film, (ii) disloca-
tions and dislocation loops, and (iii) mechanical stresses
capable of surface buckling, surface contaminations; all
related to local surface charges and their induced electric
fields. Some metals are more prone to develop whiskers
because they can easier form charged patches by absorb-
ing ions, and creating dislocations, grain boundaries, or
stresses.
5) Why external electric bias can significantly accelerate
whisker growth: external electric fields increase the nu-
cleation and growth rates.
6) Why the characteristic whisker evolution follows a cer-
tain pattern: long incubation period followed by almost
constant growth rate that eventually saturates. The pre-
dicted incubation time and subsequent growth rate agree
with the observations.
7) Why whisker parameters are broadly distributed sta-
tistically. The predicted distribution of whisker lengths
is close to the observed log-normal statistics.
B. What is not understood
1) The microscopic nature of whiskers, their correla-
tion with specific surface defects, chemical aspects of
whisker development.
2) The role of whisker crystalline structure in their
evolution process.
3) Whisker growth in 3D random electric field. This
includes whisker winding and kinking.
4) Possible role of surface (or grain boundary) diffusion
limiting whisker growth.
5) Possible hydrodynamic drag moving surface material
uniformly along with ions.
6) Inter-whisker interactions limiting their concentration
and affecting growth.
9C. Possible experimental verification
The predicted dependencies of nucleation and growth
kinetics vs. electric field, temperature, and controlled
contamination could be verified experimentally.
1) Whisker nucleation and growth in external electric
fields. This can be attempted in either flat capacitor
configuration of for a whisker inside SEM where the
electric field is readily controlled. In both cases, care
should be taken to avoid significant Joule heating and/or
electron drag effects, i. e. using voltage rather than
current power source.
2) Whisker nucleation and growth under controlled
contamination of metal surface with solutions of charged
nano particles.
3) Whisker nucleation and growth under the conditions
of strong surface electric fields induced by surface
plasmon polariton excitations.60 This technique could
be used for controlled growth of metal nanowires of
desirable parameters on metal surfaces.
In the end, it should be noted that this work presents
rather a sketch of theory in its infancy, pointing at im-
portant factors and providing estimates, yet not enough
developed to quantitatively describe whisker evolution
and statistics in a random electric field. Further effort is
called upon to develop this approach.
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Appendix A: Nonuniform polarization
Following the approach in Ref. 28, p. 17, the electro-
static energy gain of a rectilinear metal filament of length
h and radius a ≪ h in a nonuniform electric field E(x)
is given by
FE = (1/2)
∫ h
0
ϕ(x)τ(x)dx (A1)
where τ is the field induced charge density and ϕ(x) =
− ∫ x
0
Edx is the electric potential. The condition of con-
stant potential on the surface of the filament is
−
∫
Edx+
1
2pi
∫ 2pi
0
∫ h
0
τ(x′)dx′dφ
R
= 0, (A2)
R =
√
(x− x′)2 + 4a2 sin2(φ/2)
where φ is the angle between planes passing through the
axis of the cylinder and through two points on its surface
at a distance R apart. We divide the integral into two
parts, putting τ(x′) = τ(x)+[τ(x′)−τ(x)]. Since h≫ a,
we have for points not too near the ends of the rod,
τ(x)
2pi
∫ ∫
dx′dφ
R
≈ τ(x) log 4(l
2 − x2)
a2
. (A3)
Thus,
∫ x
0
Edx = τ(x) log
4(hx− x2)
a2
+
∫ h
0
τ(x′)− τ(x)
|x′ − x| dx
′.
(A4)
It follows then that τ(x) is almost proportional (with
logarithmic accuracy) to
∫ x
0 Edx; it can be sought in the
form τ = A
∫ x
0 Edx that should be substituted into Eq.
(A4). Noting that the integral in Eq. (A4) is dominated
by the proximity x′ = x and representing the integrand
numerator as E(x)(x − x′), one finally gets
τ(x) =
∫ x
0 E(x)dx
log[4(hx− x2)/a2]− 2 . (A5)
Substituting the latter and assuming as in the body of
the text that Λ≫ 1, the electrostatic free energy becomes
FE(h) = − 1
4(Λ + 4/3)
∫ h
0
(∫ x
0
E(x′)dx′
)2
dx (A6)
where Λ is defined in Eq. (2). This result reproduces
the above used FE ∝ −h3 and FE ∝ −h for the cases of
h≪ L, E = cosnt and h≫ L, E ∝ 1/x respectively;
also, it justifies the claim in Sec. III A that the point
charge caused polarization does not impact the electro-
static energy gain.
Appendix B: Random variable ξ2
Here we evaluate the parameters of statistical distri-
bution of Eq. (25), 〈ξ2〉 and ∆ = 〈ξ4〉 − (〈ξ2〉)2. The
required averaging gives
〈ξ2〉 =
〈(∫ h
0
dr
∫
d2ρ
en(ρ)r
(r2 + ρ2)3/2
)2〉
(B1)
=
∫
d2ρ
∫
d2ρ′
e2〈n(ρ)n(ρ′)〉
(ρ2 + h2)1/2(ρ′2 + h2)1/2
.
Here ρ and ρ′ are two-dimensional radius-vectors in the
plane of surface charge; d2ρ and d2ρ′ are elemental areas.
Assuming uncorrelated random charge patches, one can
write
e2〈n(ρ)n(ρ′)〉 = C1δ(ρ− ρ′) (B2)
where δ stands for the Dirac delta-function, and C1 is
a constant. Its order of magnitude estimate is C1 ∼
〈(neL)2〉. The delta-function representation remains ad-
equate when ρ≫ L where L is the linear dimension of a
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charged patch. Substituting the latter correlation func-
tion into Eq. (B1) and performing integration over ρ
from L to ∞ yields
〈ξ2〉 = 2piC1 ln
[
(L+
√
L2 + h2)2
4L
√
L2 + h2
]
. (B3)
For the region of h ≫ L, Eq. (B3) simplifies to 〈ξ2〉 =
C1 ln(h/4L).
Similarly, 〈ξ4〉 can be reduced to the integral over area
elements d2ρd2ρ′d2ρ′′d2ρ′′′ with the integrand
〈n(ρ)n(ρ′)n(ρ′′)n(ρ′′′)〉
(ρ2 + h2)1/2(ρ′2 + h2)1/2(ρ′′2 + h2)1/2(ρ′′′2 + h2)1/2
Here, 〈n〉 = 0; hence, finite contributions to the integral
arise from the product of two pair averages e2〈n(ρ)n(ρ′)〉
given in Eq. (B2), and from the correlation function
e4〈n(ρ)n(ρ′)n(ρ′′)n(ρ′′′)〉 = C2δ(ρ − ρ′)δ(ρ − ρ′′)δ(ρ −
ρ
′′′). The former product cancels out with 〈ξ2〉2 in the
definition of dispersion ∆. The latter term yields
∆ = 2piC2h
−2. (B4)
The order of magnitude estimate for the coefficient is
C2 ∼ |ne|4L6. Therefore, the dispersion is relatively
small,
(〈ξ2〉)2
∆
∼
[
h
L
ln
(
h
4L
)]2
≫ 1. (B5)
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